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Resonance Casimir-Polder interaction(RCPI) occurs in nature when one or more atoms are in
their excited states and the exchange of real photon is involved between them due to vacuum
fluctuations of the quantum fields. In recent times, many attempts have been made to show that
the curved spacetime such as the de-Sitter spacetime can be separated from a thermal Minkowski
spacetime using RCPI. Motivated from these ideas, here we study the RCPI between two atoms
that interact with a massive scalar field in Schwarzschild spacetime provided the atoms are placed
in the near-horizon region. Subsequently, we use the tool of the open quantum system and calculate
the Lamb shift of the atomic energy level of the entangled states. We show that the behavior of
RCPI modifies depending on the mass of the scalar field. In the high mass limit, the interaction
becomes short-range and eventually disappears beyond a characteristic length scale of 1/m, where
m is the mass of the scalar field.
PACS numbers: 04.62.+v, 04.60.Pp
I. INTRODUCTION
The phenomena of Casimir Polder interaction (CPI)
occurs between an atom and a conducting plate due to
vacuum fluctuation of the quantized fields [1–3]. It has
major applications from the field of quantum electrody-
namics (QED) to the signature of gravity [4–6]. CPI
mimics van der Waals force in non-relativistic regime
where a dispersive force is acting in few nanometer length
scale [7, 8]. In physical chemistry it has also huge impli-
cations in atomic adsorption and desorption in the ther-
mally excited surfaces [9]. Experimental realization ex-
ists in the case of the motion of Bose-Einstein conden-
sate (BEC) under surface CPI [10]. The other successful
efforts have been made to probe more complicated con-
texts like detecting spacetime curvature [6, 11, 12], Un-
ruh effect [13–15], Hawking radiation of a black hole and
checking thermal and nonthermal scaling in a black hole
spacetime [16, 17]. One can show that the background
spacetime and the relativistic motion of interacting sys-
tems can modify the CPI [6, 11–22].
CPI generates correlations between multiple quantum
systems [23–25]. Two uncorrelated atom also can be en-
tangled if they both share common environment [26, 27].
Recently Lindblad master equation approach is [28] suc-
cessfully used to explain the interatomic correlations at
Schwarzschild spacetime where vacuum fluctuation of the
quantum field takes the vital role to create the entangle-
ment between them. This interatomic correlations are
the source of RCPI [6, 29]. Subsequently it has been
shown that an uniformly accelerated atom behaves like
a system in a thermal bath (Thermalization theorem)
[30]. Therefore, RCPI is exactly equal to the second or-
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der shift (Lamb shift) [31] due to system-field interaction
Hamiltonian [6, 32, 33].
In this paper following the recent works, [6, 29], we
theoretically investigate the RCPI between two atoms
that interact with a massive scalar field in Schwarzschild
spacetime. Two atoms are initially uncorrelated and in-
teract individually with the scalar field. The cross-terms
of the two individual system-field coupling Hamiltonian
in the second-order of the quantum master equation will
give rise to the entanglement between the atoms [27].
Here we show how the interatomic correlations between
the atoms depend on the mass of the scalar field by cal-
culating the Lamb shift due to system-field coupling.
We organize the paper in the following way. In section-
II we give a general description of open quantum sys-
tem approach-GKSL (Gorini-Kossakowski-Sudarshan-
Lindblad) formalism [34–36] for the two-atom system
then discuss the common environment effect and finally
compute the shifts of the energy level of the entangled
states due to Lamb shift Hamiltonian. In section- III we
review the form of the Schwarzschild metric in the near
horizon and find the expression of the two-point corre-
lation function for a massive scalar field. Recently it
has been shown that, for Schwarzschild spacetime, be-
yond a characteristic length scale which is proportional
to the inverse of the surface gravity κ, the RCPI between
two entangled atoms is characterized by a 1/L2 power-
law provided the atoms are located close to the horizon
[29]. However, the length scale limit beyond the char-
acteristic value is not compatible with the local flatness
of the spacetime. A massless scalar field has been con-
sidered in the ref. [29] to calculate RCPI. In section-IV
we compute RCPI between two atoms that interact with
a massive scalar field and point out its dependence on
the mass term of the scalar field. Subsequently, we show
that the RCPI becomes short-range and eventually dis-
appears beyond a characteristic length scale of 1/m, m
being the mass of the scalar field.
ar
X
iv
:1
91
2.
07
50
2v
1 
 [g
r-q
c] 
 16
 D
ec
 20
19
2II. DYNAMICS OF A TWO-ATOM SYSTEM
We consider a system of two-atom weakly interacts
with a common environment but they do not have any
mutual interaction. Here we choose the environment to
be a quantized massive scalar field. This is a general
description of the open quantum system [37], therefore,
we follow the formalism of the quantum master equation
[31]. The Hamiltonian of the full system can be expressed
as,
H = H0S +H0L +HSL . (1)
We assume the atoms have the same Zeeman levels and
throughout the paper, we use the natural units, ~ = c =
1. The free Hamiltonian of the system can be written as
H0S = H01S +H02S = 12ω0σ(1)3 + 12ω0σ(2)3 (The superscript
in the Pauli matrices represent the atom number). Here
σi are the Pauli matrices, ω0 is the frequency of Zeeman
levels and we defined |g〉, |e〉 as the corresponding ground
and excited state of the atoms. The free Hamiltonian of
the scalar field H0L can be written as [38],
H0L =
∫
d3k
(2pi)3
ωka
†(k)a(k) , (2)
where ωk =
√
k2 +m2, the frequency of the scalar field.
Here m is the mass of the scalar field and a†, a are the cre-
ation and annihilation operator of the quantized field re-
spectively. The coupling Hamiltonian between the atom-
scalar field can be defined as [28],
HSL = λ
3∑
µ=0
[
σ(1)µ ⊗ φ(x1) + σ(2)µ ⊗ φ(x2)
]
, (3)
where λ is the coupling constant and φ represents the
scalar field. Initially, the atoms and the scalar field are
separated from each other. Therefore, the initial density
matrix can be written as ρ(0) = ρs(0) ⊗ |0〉〈0| (“Born-
Markov” approximation [37]). Here |0〉 is the vacuum
state of the massive scalar field and ρs(0) is the initial
density matrix of the system. For a closed system, “Von-
Neumann-Liouville” equation is used to describe the full
dynamics,
dρ(t)
dt
= −i[H0S +H0L +HSL, ρ(t)]. (4)
Here, ρ(t) is the total density matrices. Starting from the
equation (4) we perturbatively expand the time evolution
operator
(
U(t, t0) = T exp{−i
∫ t
t0
dt′(H0S+H0L+HSL)}
)
to
the second order of coupling Hamiltonian [31] and taking
trace over field degrees of freedom, we get the quantum
master equation, which is also known as GKSL equation
[34–36]. The quantum master equation in the lab-frame
with a proper-time τ can be expressed as [31],
dρs(τ)
dτ
= −i[H0S +Hlamb, ρs(τ)] + L
(
ρs(τ)
)
. (5)
Here, Hlamb is the Lamb-shift Hamiltonian that leads
to the renormalization of Zeeman Hamiltonian and
L(ρs(τ)) is the dissipator of the master-equation which
can be written as [28],
L(ρs) = 2∑
a,b=1
3∑
j,k=1
γabjk
(
σkb ρsσ
j
a −
1
2
{σjaσkb , ρs}
)
, (6)
Hlamb = − i
2
2∑
a,b=1
3∑
j,k=1
Sabjkσjaσkb , (7)
where Sabjk and γabjk depend on the Fourier transforms of
the two-point correlation functions of the scalar field.
The shift terms and dissipative terms are coming from
second-order terms of atom-field coupling Hamiltonian
and they are Kramer-kronig pair to each-other [37]. As
we are interested in the shift between the energy levels of
the two-atom system, our main focus is to demonstrate
the Lamb-shift term and not to think about decay terms.
However, the decay terms are responsible for taking the
two-atom system to the equilibrium configuration, which
is the Bekenstein-Hawking temperature [30] of the mas-
sive scalar field. Lamb shift can be calculated from the
Hilbert transforms of the Fourier transforms of the two-
point functions which are shown below,
Kab(ω0) = P
pii
∞∫
−∞
dω
Gab(ω)
ω − ω0 . (8)
Here P denotes the principal value. Gab(ω) are the
Fourier transforms of the two-point correlation functions
of the scalar field. The Fourier transforms of the two-
point functions are given by,
Gab(ω) =
∞∫
−∞
d∆τ eiω∆τ Gab(∆τ) , (9)
where, Gab(∆τ) = 〈Φ(τ,xa)Φ(τ ′,xb)〉 , (10)
and ∆τ = (τ −τ ′). The exact form of Sabjk can be written
as [6],
Sabjk = Aabδjk − iBabjklδ3l −Aabδ3jδ3k , (11)
where the terms Aab and Bab are given by,
Aab =
λ2
4
[Kab(ω0) +Kab(−ω0)] , (12)
Bab =
λ2
4
[Kab(ω0)−Kab(−ω0)] . (13)
A. Entanglement between two atoms through a
massive scalar field
Two atoms are initially uncorrelated but due to inter-
action with the massive scalar field, the energy levels be-
come correlated. So, there is a formation of field-induced
3entanglement between the atoms which depends on the
two-point correlation functions [27]. The two-point func-
tions can be computed along the trajectories of the atoms
thus they depend on the spacetime background. Now we
aim to calculate the expectation value of Hlamb in the en-
tangled states to investigate the effect of interatomic cor-
relations between two atoms in Schwarzschild spacetime.
Here we take the symmetric and anti-symmetric state of
the dipolar-coupled Hamiltonian for simplicity because
other states are unchanged due to interatomic correla-
tions [39]. The symmetric and anti-symmetric states of
two atom-system are given by,
|E〉 = |e1〉|g2〉+ |g1〉|e2〉√
2
; |A〉 = |e1〉|g2〉 − |g1〉|e2〉√
2
.
One can find the expressions for energy level shifts as [6],
δESLS = 〈E|Hlamb|E〉
= − i
2
 3∑
j=1
(S12jj + S21jj + S11jj + S22jj )− 2(S1233 + S2133 )
 ,
δEALS = 〈A|Hlamb|A〉
=
i
2
 3∑
j=1
(S12jj + S21jj − S11jj − S22jj )
 . (14)
Here δESLS stands for the second-order energy level
shift of the symmetric state and δEALS stands for cor-
responding energy level shift of the antisymmetric state.
In the next section we compute these shifts of the energy
level of the entangled states for a massive scalar field
in Schwarzschild spacetime when the atoms are located
close to the horizon.
III. SCHWARZSCHILD METRIC IN NEAR
HORIZON REGION
Here we consider (3+1) dimensional Schwarzschild
spacetime to compute the RCPI between two entangled
atoms interact with a massive scalar field when the atoms
are located close to the horizon. The Schwarzschild
spacetime is described by the line element,
ds2 = −f(r)dt2+f(r)−1dr2+r2dθ2+r2 sin2 θdφ2 , (15)
where, f(r) = (1− rs/r) and rs = 2GM is the
Schwarzschild radius related to the line element. A
proper distance l from the horizon to a radial distance
r is defined by the formula [40],
l =
√
r(r − rs) + rs sinh−1(
√
r
rs
− 1) . (16)
In terms of l, the Schwarzschild metric (15) becomes
ds2 = −f(r)dt2 + dl2 + r2(l)dθ2 + r2(l) sin2 θdφ2 , (17)
where, f(r) = (1− rs/r(l)). Now near the horizon,
where r = rs + δ, l = 2
√
rsδ and on a small angular
region which is around θ ∼ 0, the new coordinates have
been defined as [29],
X1 = l cosh
t
2rs
; T = l sinh
t
2rs
;
X2 = rsθ cosφ ; X3 = rsθ sinφ . (18)
Using this coordinates (18), the line element (15) be-
comes [29],
ds2 = −dT 2 + dX21 + dX22 + dX23 , (19)
which expresses the Minkowski spacetime [29, 40–43].
A. Two point correlation function for the massive
scalar field
In the position space, using the coordinates of the in-
ertial metric (19), the two-point function for a massive
scalar field of mass m can be expressed as [38],
G(x, x′) ≡ 〈0|Φˆ(x)Φˆ(x′)|0〉 = 〈0|Φˆ(T,x)Φˆ(T ′,x′)|0〉
=
∫
d4k
(2pi)
3
2
δ(k2 −m2)e−ik(x−x′) . (20)
After integrating the above expression, the two-point
function for the scalar field can be written as [44],
G(x− x′) = − im
4pi2
K1(im
√
(T − T ′ − i)2 − (x− x′)2)√
(T − T ′)2 − (x− x′)2 .
(21)
Here K1 is the modified Bessel function of the second
kind, (x−x′)2 = (X1−X ′1)2 + (X2−X ′2)2 + (X3−X ′3)2
and  is a small, positive parameter which is introduced
to evaluate two-point function. In the limit mR << 1 the
function behaves like the two-point correlation function
(21) for a massless scalar field case [45]. In this limit, the
expression of two-point function is shown below,
G(x− x′) = − 1
4pi2R2
. (22)
On the other hand in the high mass limit, mR >> 1, the
correlation function (21) is given by [45],
G(x− x′) = 1
4piR
( im
2piR
) 1
2
e−imR ,
where, R =
√
(T − T ′)2 − (x− x′)2 . (23)
Using equation (18) R can be written as [29],
R = 2l sinh
(τ − τ ′)
2l
. (24)
Now to avoid divergence at (τ−τ ′ = 0), R is transformed
by the following transformation (τ is the proper time),
R = 2l sinh
(τ − τ ′)
2l
+ i . (25)
4Here 1/l behaves as the acceleration of the system and 
is a small positive quantity. So,
|G(x− x′)| =
( m
32pi3|R|3
) 1
2
e−m ,
where |R|2 = 2 +
(
2l sinh
(τ − τ ′)
2l
)2
. (26)
Using Lebesgue’s bounded convergence theorem the
Fourier transform of correlation function goes to zero for
the large mass limit [30, 45], which also indicates in high
mass limit RCPI may disappear.
IV. RCPI FOR THE TWO-ATOM SYSTEM
Two static atom placed in two different position →
(r, θ, φ) and (r, θ′, φ) which are close to the horizon. Here
θ and θ′ are assumed to be small. The response function
for a detector (atom) per unit time (T0) is given by [44],
F(ω)
T0
=
∞∫
0
dk k2
2pi
√
k2 +m2
|βk|2δ(ω −
√
k2 +m2) .(27)
From the analogy of thermalization theorem [30] |β2k| is
the number of particle with mode k of the isotropic bath
with temperature TH = 12pil in the static space time. Fol-
lowing the above discussion, the Fourier transforms of the
two-point correlation functions (10) for these two space-
time points can be written as,
G11(ω) = G22(ω)
=
1
2pi
Ω(ω,m)
1− e−2pilΩ(ω,m) ,
G12(ω) = G21(ω)
=
1
2pi
Ω(ω,m)
1− e−2pilΩ(ω,m) g(Ω(ω,m), L/2) . (28)
Here we define Ω(ω,m) =
√
ω2 −m2 θ(ω − m). For
m = 0 the expression exactly matches with the ref.
[29]. From the mathematical point of view ω is replaced
with
√
ω2 −m2 θ(ω − m) for this case. We also define
g
(
Ω(ω,m), z
)
= sin[2lΩ(ω,m) sinh
−1(z/l)]
2zΩ(ω,m)
√
1+z2/l2
and L denotes the
proper distance between (r, θ, φ) and (r, θ′, φ). Calculat-
ing the Hilbert transforms (8) of the above functions (28)
the coefficients (12,13) can be written as,
A1 =
λ2P
8pi2i
∫ ∞
−∞
dωΩ(ω,m)
(
1
ω − ω0 +
1
ω + ω0
)
×
1
1− e−2pilΩ(ω,m) ,
B1 =
λ2P
8pi2i
∫ ∞
−∞
dωΩ(ω,m)
(
1
ω − ω0 −
1
ω + ω0
)
×
1
1− e−2pilΩ(ω,m) ,
A2 =
λ2P
8pi2i
∫ ∞
−∞
dωΩ(ω,m)
(
1
ω − ω0 +
1
ω + ω0
)
×
1
1− e−2pilΩ(ω,m) g(Ω(ω,m), L/2) ,
B2 =
λ2P
8pi2i
∫ ∞
−∞
dωΩ(ω,m)
(
1
ω − ω0 −
1
ω + ω0
)
×
1
1− e−2pilΩ(ω,m) g(Ω(ω,m), L/2) . (29)
Here, A11 = A22 = A1, A
12 = A21 = A2, B
11 = B22 =
B1, B
12 = B21 = B2. Put the coefficients (29) in the
following equations (11),
S11jk = S22jk = A1δjk − iB1jklδ3l −A1δ3jδ3k ,
S12jk = S21jk = A2δjk − iB2jklδ3l −A2δ3jδ3k , (30)
the shifts of the energy level of the symmetric state and
the anti-symmetric state (14) of the two-atom system are
given by,
δESLS = −
λ2
4pi2
∫ ∞
0
dωΩ(ω,m)
(
1
ω − ω0 +
1
ω + ω0
)
×
[g(Ω(ω,m), L/2) + 1] ,
δEALS =
λ2
4pi2
∫ ∞
0
dωΩ(ω,m)
(
1
ω − ω0 +
1
ω + ω0
)
×
[g(Ω(ω,m), L/2)− 1] . (31)
These shifts depend on the proper length L. To calculate
the Casimir-Polder force between the atoms we need to
take a derivative with respect to L [6]. So, we neglect
the terms which do not depend on L. From the above
discussion, the Lamb shift of the symmetric and anti-
symmetric state of the two-atom system is then given
by,
δES = − λ
2
4pi2
∞∫
0
dωΩ(ω,m)
( 1
ω − ω0 +
1
ω + ω0
)
×
g(Ω(ω,m), L/2) ,
δEA =
λ2
4pi2
∞∫
0
dωΩ(ω,m)
( 1
ω − ω0 +
1
ω + ω0
)
×
g(Ω(ω,m), L/2) . (32)
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FIG. 1. Dependence of energy shifts w.r.t mass of the scalar
field for ω20 > m
2. (a) for L >> l we take L = 1000, l = 1,
ω0 = 10 and m is varying from 1 to 10 (b) for l >> L we take
L = 1, l = 1000, ω0 = 100 and m is varying from 1 to 100.
Here m, L, l, ω0 are in arbitrary units.
After substituting ω2 −m2 = z2, the integral form look
like,
I = ∓ λ
2
2pi2
∞∫
0
dz
z
z2 +m2 − ω20
η sin(αz) , (33)
where η = 1
2L
√
1+ L
2
4l2
and α = 2l sinh−1( L2l ). Previously
from the description of the response function per unit
time of a scalar field (28), the term θ(ω − m) suggests
that momentum cannot be imaginary but now in the ex-
pression of the integrand (33) there is no restriction of
theta function on (m2 − ω20), it can be either positive or
negative or zero.
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FIG. 2. Dependence of energy shifts w.r.t mass of the scalar
field for ω20 < m
2. (a) for L >> l we take L = 1000, l = 1,
ω0 = 1 and m is varying from 1 to 1.1 (b) for l >> L we take
L = 1, l = 1000, ω0 = 1 and m is varying from 1 to 10. Here
m, L, l, ω0 are in arbitrary units.
A. Case-I, ω20 > m
2
For case-I, the poles of the integrand (33) lie on the
real-line. Therefore, the expressions for Lamb shift of
two atoms are given by,
δES = − λ
2
4piL
√
1 + L
2
4l2
cos(2
√
ω20 −m2 l sinh−1
(
L/2l
)
) ,
δEA =
λ2
4piL
√
1 + L
2
4l2
cos(2
√
ω20 −m2 l sinh−1
(
L/2l
)
).
(34)
We also note that there exists a characteristic length
6scale l, which up to the leading order approximation is
equal to
√
1− rsr
κ , where κ =
1
2rs
is the surface gravity [29].
To analyze the behavior of the RCPI, here we also con-
sider both the limits of the proper distance between the
atoms which are either larger or smaller than the char-
acteristic length scale. From equation (34), it is shown
that in the limit L >> l (or ∆θ >> 2
√
δ
rs
) [29], the
expressions are,
δES = − λ
2 l
2piL2
cos(2
√
ω20 −m2 l log(L/l)) ,
δEA =
λ2 l
2piL2
cos(2
√
ω20 −m2 l log(L/l)) , (35)
and in the limit L << l (or ∆θ << 2
√
δ
rs
),
δES = − λ
2
4piL
cos(
√
ω20 −m2 L) ,
δEA =
λ2
4piL
cos(
√
ω20 −m2 L) . (36)
The schematic diagrams for both the limits are shown in
FIG. 1.
B. Case-II, ω20 < m
2
For case-II, the poles in the integrand (33) lie on the
imaginary axis, the expressions for RCPI are given by,
δES = − λ
2
4piL
√
1 + L
2
4l2
e−2
√
m2−ω20 l sinh−1
(
L/2l
)
,
δEA =
λ2
4piL
√
1 + L
2
4l2
e−2
√
m2−ω20 l sinh−1
(
L/2l
)
. (37)
The expressions have an exponential decaying term,
which indicates the same kind of result of the two-point
correlation function at mR >> 1. Therefore, the cor-
relation function and RCPI vanish in the large mass
limit. From equation (35), in the limit L >> l (or
∆θ >> 2
√
δ
rs
), the expressions are given by,
δES = − λ
2 l
2piL2
e−2
√
m2−ω20 l log(L/l) ,
δEA =
λ2 l
2piL2
e−2
√
m2−ω20 l log(L/l) , (38)
and in the limit L << l (or ∆θ << 2
√
δ
rs
),
δES = − λ
2
4piL
e−
√
m2−ω20 L ,
δEA =
λ2
4piL
e−
√
m2−ω20 L . (39)
The schematic diagrams for both the limits are shown in
FIG. 2 .
C. Case-III, ω20 = m
2
For case-III, the pole of the integrand (33) is at the
origin, z = 0. The expressions for RCPI are shown be-
low,
δES = − λ
2
4piL
√
1 + L
2
4l2
,
δEA =
λ2
4piL
√
1 + L
2
4l2
. (40)
From equation (37), in the limit L >> l (or ∆θ >>
2
√
δ
rs
), the expressions are given by,
δES = − λ
2 l
2piL2
,
δEA =
λ2 l
2piL2
, (41)
and in the limit L << l (or ∆θ << 2
√
δ
rs
),
δES = − λ
2
4piL
,
δEA =
λ2
4piL
. (42)
Both the FIG. 1 and FIG. 2 merge at the same point for
ω0 = m. We also check analytically the pair of equations,
(35,38) are equal with the expression (41) and similarly
for (36,39) are equal with (42). However, The length
scale limit beyond a characteristic value (L >> l) for the
three cases (IV A,IV B,IV C) is not compatible with the
local flatness of the spacetime [29].
V. DISCUSSIONS
From the analogy of equivalence principle we can say
an accelerating observer mimics an observer in a gravi-
tational field and from thermalization theorem we find a
connection between an accelerating atom and a quan-
tum system connected to a thermal bath. Therefore,
we use the quantum master equation approach to de-
scribe the dynamics of an accelerating two-atom system
interacting with a massive scalar field. We find the ex-
pressions for the second-order shift term for system-field
coupling Hamiltonian. In the presence of vacuum fluctu-
ations of the field, the effective shift terms are responsi-
ble for the interatomic correlations between the atoms.
Here we calculate the RCPI for the Schwarzschild space-
time in the near-horizon region. From the recent studies,
the RCPI using a massless scalar field beyond a charac-
teristic length scale follows a 1/L2 power-law behavior
[29]. The length-scale is equivalent to the inverse of the
surface gravity κ in Schwarzschild spacetime. However,
the limit is not compatible with the locally flat space-
time. For the massive scalar field, we also find the same
7kind of behavior. With this characteristic length scale,
we also introduce a mass dependence of RCPI, which
serves another independent length scale in the dynamics.
The key point we have addressed here is both the limits
(ω20 > m
2, ω20 < m
2) merge to a constant-value which is
independent of the mass of scalar field and the frequency
of Zeeman levels. There is a competition between the
frequency of Zeeman levels and the mass of the scalar
field when they are equal the energy-shifts become max-
imum. This particular value exactly shows the behavior
of a two-atom system whose frequency of Zeeman levels
is zero in a massless scalar field. In summary, we have
shown that in the low mass limit it exactly follows the be-
havior reported in ref. [29] with the frequency modulated
by a mass term and in the high mass limit, the behav-
ior of RCPI becomes short-range and eventually disap-
pears beyond a characteristic length scale of 1/m. So,
the atoms become uncorrelated in the large mass limit.
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